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ON CONFORMALLY FLAT POLYNOMIAL (a,3)-METRICS
WITH WEAKLY ISOTROPIC SCALAR CURVATURE

BiN CHEN AND KATWEN XIA

ABSTRACT. In this paper, we study conformally flat («, 8)-metrics in the
form F = (1 + 3772, aj(g)j) with m > 2, where « is a Riemannian
metric and S is a 1-form on a smooth manifold M. We prove that if such
conformally flat (o, 8)-metric F' is of weakly isotropic scalar curvature,
then it must has zero scalar curvature. Moreover, if a;—1am # 0, then
such metric is either locally Minkowskian or Riemannian.

1. Introduction

In Riemannian geometry, the conformal properties of Riemannian metrics
have been well studied by many geometers. The study of conformal geometry
has played an important position which makes us understanding Riemannian
manifolds better. In Finsler geometry, the Weyl theorem states that the projec-
tive and conformal properties of a Finsler space determine the metric properties
uniquely (see [14,15]). So the study of conformal properties of a Finsler met-
ric becomes more important and it has been a recent popular trend in Finsler
geometry. Two Finsler metrics F' and F' on a manifold M are said to be con-
formally related if there is a scalar function k(x) on M such that F = eF@F.
A Finsler metric which is conformally related to a locally Minkowski metric is
called conformally flat.

It is one hot issue that how to characterize conformally flat metrics in Finsler
geometry. There are many important local and global results in conformal
Finsler geometry. In [11], Ichijyo and Hashuiguchi defined a conformally in-
variant linear connection in a Finsler space with an («, 8)-metric and gave a
condition that a Randers metric is conformally flat based on their connection,
and they also proved that a Finsler manifold is a conformally Bewarld man-
ifold if and only if it is a Wagner manifold (see [9]). Later, Kikuchi found
a conformally invariant Finsler connection and gave a necessary and sufficient
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condition for a Finsler metric to be conformally flat by a system of partial differ-
ential equations under an extra condition (see [13]). In [10], Matsumoto, Hojo
and Okubo studied conformally Berwald Finsler spaces and its applications
to (a, 8)-metric by using Kikuchi’s conformally invariant Finsler connection.
In [12], Kang has proved that any conformally flat Randers metric of scalar
flag curvature is projectively flat, moreover, such metrics are completely clas-
sified. Further, in [3], Chen and Cheng have proved that a conformally flat
weak Einstein polynomial (o, 8)-metric with isotropic S-curvature is either a
locally Minkowski metric or a Riemann metric. In [4], Chen, He and Shen have
proved that conformally flat («, 5)-metrics with constant flag curvature must
be trivial (locally Minkowskian or Riemannian).

In Finsler geometry, there are several versions of the definition of scalar
curvature. Here we adopt the definition of scalar curvature introduced by
Akbar-Zadeh ([1]). For a Finsler metric F' on an n-dimensional manifold M,
denoting Ric the Ricci curvature of F', the scalar curvature r of I is defined
as

(1.1) r:= g"Ric;;,
where 1
Rici; = jRic,,,  (97) = (9:5)”"

and g;; := 3[F?],i,s. We say a Finsler metric F to be of weakly isotropic scalar

curvature if there exist a 1-form 6 = ¢;(z)y’ and a scalar function u(x) such
that

0
(1.2) r=n(n—1)=+ul.

F
A Finsler metric F' is said be of isotropic scalar curvature if
(1.3) r=n(n—1)u(x).

The above concepts come from the notions of some special Riemannian cur-
vature properties. A Finsler metric F' on an n-dimensional manifold M is said
to be of weakly isotropic flag curvature if its flag curvature is a scalar function
on T'M in the following form:

3
14 K=—
(1.4) 7 T
where n = n;(x)y* is a 1-form and p = p(x) is a scalar function on M. A

Finsler metric F is called a weak Einstein metric if the Ricci curvature satisfies
3

(1.5) Ric = (n — 1)(%7 + ) F2.
Omne can easily see that (1.4) implies (1.5), and (1.5) implies (1.2) with 6§ =
n+5
“on -

In this paper, we mainly focus on the conformally flat («, 8)-metrics with
weakly isotropic scalar curvature and get the following theorem.

i
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Theorem 1.1. Let F = ad(s),s = B/a be a conformally flat (o, B)-metric on
an n-dimensional manifold M with 8 # 0 andn > 3, where ¢(s) is a polynomial
of degree m (m > 2). If F is of weakly isotropic scalar curvature r, then r = 0.

According to the above theorem, we obtain the following rigidity result.

Theorem 1.2. Let F = ad(s),s = B/a be a conformally flat («, 5)-metric
on an n-dimensional manifold M with n > 3, where ¢(s) =1+ a;s + ass® +
oo A 18™ T 4 4 s™ is a polynomial with m > 2 and Gm—_1am £0. If F
is of weakly isotropic scalar curvature, then it must be locally Minkowskian or
Riemannian.

Remark 1.3. For m = 1, ' = a+ 8 is Randers metric. In this case, Cheng and
Yuan has proved that a conformally flat Randers metric on an n-dimensional
manifold M (n>3) with isotropic scalar curvature must be locally Minkowskian
or Riemannian (see [7]). For m > 2, Theorem 1.2 is obviously true for the well-
known metric F' = a(1 4 s)™.

We have no idea to remove the condition a,,_1a,, # 0 in Theorem 1.2. For
a special case, we have the following result.

Proposition 1.4. Let F' = ad(s) = a(l + a,s™) be a conformally flat (o, B)-
metric on an n-dimensional manifold M with n > 3 and m > 2. If F is
of weakly isotropic scalar curvature, then it must be locally Minkowskian or
Riemannian.

2. Preliminaries

Let M be an n-dimensional smooth manifold with n > 3. The points in the
tangent bundle TM are denoted by (z,y), where © € M and y € T, M. Let
(x%;9%) be the local coordinates of TM with y = ¢ aii . A Finsler metric on M
is a function F': TM — [0,400) such that

(i) F is smooth in TM\{0};

(i) F(z, \y) = AF(z,y) for any A > 0;

(iii) The fundamental quadratic form

. 1
(2.1) 9 = gir(z,y)da’ @ dz*, gi := [QFZ}
is positively definite (see [2]). Here and from now on, the lower index ',y
always means partial derivatives, Fy: := g—;, F, = gfi, [FQ]yyk = %,
etc.
The spray coefficients are given by
] 1 .
(2.2) G' = Zgll{[Fz}zkyz yk — [F2]zl}

which determine the geodesic equation &+ 2G*(0,5) = 0. For any x € M and
y € T, M\{0}, the Riemann curvature R, := R', (z, y)% ® da* is defined by

(2.3) Ry, =2GL — Gy’ + 269G, — GGl

ziy
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the Ricci curvature Ric is the trace of the Riemann curvature defined by

(2.4) Ric:=R"},.
The Ricci tensor is

1
(25) Ricij = §Ricy1y]

By the homogeneity of Ric, we have Ric = Ric;;4'y’. A Finsler metric F is
called an Einstein metric if
(2.6) Ric = (n — 1)uF?,
where = p(z) is a scalar function on M. A Finsler metric F is called a weak
Einstein metric if the Ricci curvature satisfies

3n

(2.7) Ric = (n — 1)(F + ) F?,

where 7 = n;(x)y® is a 1-form.
The scalar curvature of F introduced by Akbar-Zadeh is defined by

r:.= ginicij.
The scalar curvature of a weak Einstein metric F' has the form
(n+5)n 0
. = — _— = — 1 —
(28) r=(n- D2 ) = n(n - 1)(5 + ),

which satisfies (1.2). Thus, a weak Einstein metric is of weakly isotropic scalar
curvature.
An (o, B)-metric is a Finsler metric of the form

F:OL¢(8), s:ﬁ/a,
where a = /a;j(x)y’y/ is a Riemannian metric, 8 = b;(x)y" is a 1-form and
¢ = ¢(s) is a positive smooth function. In the following we adopt
(@) = (ay) "1, b= a'lb;.

It is proved that F' = a¢(f/a) is a positive definite Finsler metric if and only
if the function ¢ = ¢(s) is a positive smooth function on an open interval
(—bo, bp) satisfying the following condition (see [8]):

(2.9) $(5) — s¢/(s) + (° = s*)¢"(s) >0, [s] <b <y,

where b := ||8]|o = a;;b'0’ is the norm of 3 respect to a.

Two Finsler metrics F and F on a manifold M are said to be conformally
related if there is a scalar function x(z) on M such that F = e*(®)F. Particu-
larly, an (a, §)-metric F' = a¢(f/a) is conformally related to a Finsler metric
Fif F = ¢*@F with F = a¢(3) = a¢(8/d). In the following, we always
use symbols with tilde to denote the corresponding quantities of the metric F.
Note that a = e*a, 8 = e"“g, thus s = s.
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A Finsler metric which is conformally related to a locally Minkowski metric
is said to be conformally flat. Thus, an conformally flat («, 8)-metric F' has
the form F = e*(®) F where F = a¢(B/a) is a locally Minkowski metric.

Denoting

1 1
rij = 5 (i +b500)s 865 1= 5 (bigs = bjja),
sij = aimsmj7 S; = bjsji,
where b;|; denotes the covariant derivative of 8 with respect to a. Let G* and
G'!, denote the geodesic coefficients of F' and «, respectively. The following
lemma is well-known.

Lemma 2.1 ([8]). The geodesic coefficients G* of F = a¢(B/a) are related to
G', by
G' =G+ aQs'y + {—2Qasg + roo {Ub' + Oa~ 'y},

where o
Q=575
@ o ¢¢/ _ S(¢¢” +¢/¢)/)
- 20[(¢ —s¢') + (B — s%)¢"]’
\P :: ¢I/

2[(¢ — s¢') + (B — s2)¢"]
and B =V, st == sijyj, s := Sy, To0 = rijyiyj, ete.
3. Proof of Theorem 1.1

In this section we will use the skills in Cheng, Shen and Tian’s paper [6]
to prove Theorem 1.1. Firstly we need to compute the Ricci curvature 0£ F.
Assume that F = a¢(f/a) is conformally related to a Finsler metric F =

5(;5(5/&) on M. Write @ = /a;; (2)y‘y, 5=3i(x)yi, then

@y = €™y, bi= i, b= ||5Ha = Eijg@j =0b.
Further, we have

bjjk = er (@) (Ej\lk —gklij +Emﬂmajk),

T = Th 4 0 + Rid] — K",
r(z)~

1 ~ ~ ~ ~
Ti; =€ rij + §€R(r)(—bjl<&i — bilij + 2bm/€maij),

1 ~ ~
Sij = e“(m)sij + ieﬁ(x)(bmj - bj/*ﬁi),

L 1~ L~ -
i =7 + §(bmlﬁmbi —b%ky), r=e "7

. 1 ~ ~
S; = S; —+ 5(()2/@ — bmlimbi),
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P = e F@pm e_”(x)(n — 1)5,”,%7”,
1 - -
sy = e r@gm, 4 ie*K(z)(bmm —b;r™).

Here Ej”k denote the covariant derivatives of Ej with respect to a. In the
followingjve‘ adopt k; f_~%’ Kij = %, K= @i-jﬁj7 b= 5ijbj:,‘ f = b;K?,
J1 = Kby, fo = kigh'V | Ko i= kYt Koo i= Kiy'y, || V(2 == aY kK.

In order to compute the Ricci curvature of F'; we need the following lemma.

Lemma 3.1 ([6]). For an («, 8)-metric F = ad(s), s = B/«, the Ricci curva-
ture of F is related to the Ricci curvature *Ric of o by

(3.1) Ric = “Ric + RT),
where

7002 1
RT = % [(n — ey + cz} —|—a{r0050[(n — Des + ca] + rooro[(n — 1)es + co]

+rojo[(n — 1)er + 08]} + {502[(71 — 1)eg + c10] + (rroo — r%)cn
+71050[(n — 1)c12 + i3]+ (100 m = TomT™ 0 + T00|m 0™ — Tom|0d™ )c14
+1oms™o[(n — 1)c1s + c16] + Sopol(n — 1)eir + c1s] + SOmSmoclg}
+ a{rso(:20 + 8ms™o[(n — 1)ca1 + coo]+(3smT™0 — 2507 m + 2rms™o
= 250" + 5 00" )23 + Smo\m024}
+ a2{5m5m025 + simsmi026}.

Here the ¢;, i =1,2,...,26 are the functions only in s and more details can
be found in [6].

By the assumption of Theorem 1.1, F = a¢(f/a) is locally Minkowskian,
thus the metric a is flat and b;j;, = 0 (see [5]). Further, it is obvious that
b = b = constant # 0. By a = e"a, we have
(3.2) “Ric = —(n — 2)koo + (n — 2)k§ — @7 ki;a° — (n — 2)|| Vk|*a>.

By Lemma 3.1, we can rewrite the Ricci curvature of F' by
(3.3) Ric = —(n—2)koo + (n — 2)3 — @7 k0% — (n — 2)||Vk|*a® + RT.
In order to compute (3.3) we need the following formulae.

roo’/a? = f2a% — 2fskoa + s°K3,
1 . . -
rooSo/a = §(b2f/<0a — f?sa® — b2SI€% + fs2/$0a),
1 - - ~
rooTo/a = —§(b2f/ioa — f?sa® — bQSli(Q) + fs2/$0a),

Toojo/ = (f1 — 2f ko) + (36 — Koo)s — || VE[]*sa?,
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1 ~ 1 ~
s0° = Z(b%o — fs@)?, rroo — 715 = —Z(bzno — fsa)?,
r _ _1 b2 _ ~\2 m 1 ~2 ~
050 = 4( ko — fsa)?, roor™m = (n— 1) f(fa* — skoar),

1 N - ~
TomT 0 = 1(4]‘2042 — 6fskoa + | Vk|*s*a? + k2b?),
Toolmb™ = (f2 — fAHa? 4 fskot — frsa — || Vk||*s?a® + kgb?,

1 . .
Tom|ob™ = 5[*(f2+IIVH||2b2+IIVH||252)042+(f1 + frio)sGi+ (25 — oo )b

TomsS 0 = i(||V/<;||252&2 — Kab?),

Sol0 = %(||V,'<;||2b2 - Aa? + %(Qflio — f1)sa — VK + %bzﬁoo,

SomS™0 = %(—||V/{||2s2&2 + 2fsko — K3b?), arsy =0,

asms™o = i(f2 — IV&[?p?)sa?,

3as,r™y = %(2]%0172 — IV&|2sb?a — f2sa)a,

2a50r™ = (n — 1)(0* fro — f2sQ)a, 2ar,s™o = %(HVﬁHQbQ — f?)sa?,
2a80),, 0" = (IVE|*b?sa — fasa + f1b* — fb?ro)a,

Qasppb™ = %(||V/<;||2b23& — szﬁo)&,

1 - - e
as™om = 5[( 3)fro— (n— 3)||VI€||2SCV + f1— amlnmlsa]a,

1 ~ ; 1 ~
a’5,,8™ = Z(||VI€||2Z)2 — %A, aPst, s = §(f2 — IV&|?p?)a?.

Substituting the above formulae into RT", we obtain the following lemma.

Lemma 3.2. Let F = ¢*F, where F = a¢(B/a) is locally Minkowskian. Then
the Ricci curvature of F' is determined by

(3.4) Ric = Dy ||V&|*a®+ Dok + Dsko fa+ Dy f2a@% + Ds fra+ Dea? 4 Dy ko,
where

Dll

1 1
1 [—3c14 + €16 — c19 + €15 (R — 1)] 5° + 1[(1 —n)ear — ¢z — 3ea3]b’s

1
+ [(2 - 2n)C7 — 2cg + (3 — ’fl)624]8 + 1025134

N~ DN —

+ [014 + (TL — 1)617 + c18 — 826]b2 +2—n,

Dy = [(n—1)cy + c2]s® + %[(n —1)(c5 — c3) — ca + cslb?s
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1
=+ 3[(71 — 1)07 + Cg]S + Z[(n — 1)(09 — 012) + Ci0 — C11 — 013]b4

1
— 1[014 + 16+ 4(n — 1)er7 + 4eig + 19 + c15(n — 1)]b2 +n—2,

Dj := %[(n —1)(e3 — ¢5) 4 ¢4 — c6](b? + 5%)
1

+ 5[(71 — 1)(c12 — ¢9) — c10 + €11 + c13)b*s
1
— 5[4(’[1 - 1)61 + 4dco + (271 — 6)614 — (2n — 2)017 — 2c18 — 019]8

1
— (n —3)b%coz3 — 2[(n — 1)e7 + cg] + i(n — 3)coy,

1
Dy = Z[(n —1)(cog — c12) + €10 — c11 — c13]8°

1
+ 1[(n — 1)(—2¢3 + 2¢5 + c21) — 2¢4 + 2¢6 + 22 + (4n — 9)cag)s

1
— 16251)2 + [(n — 1)01 —|— 62]

1
[(2n —5)c1a — (n — 1)err — c1s + cog),

3
3 1 , 1

D5 := (n—1)cr +cs — 5¢14 — 5[(71 — Derr + crg] — b cas + 5024,
DG = ﬁﬁﬁijmj + ngg,
Dg:= — (14 = =

N )
~ ¢¢//
D¢ = =

0T T T TS0 )+ (B )]

1

D7 := —[(n—1)er +cgls + 5[(71 —Deyr + s+ 018]b2 +2—n.

We can see D1, Dy, D3, Dy, D5, D7 are the functions only in s and are indepen-
dent of &7 Ko, K00, f7 f17 f27aZ]Hij~
Now let us give the formula of scalar curvature r.

Lemma 3.3. Let F = ¢*F, where F = a¢(B/a) is locally Minkowskian. Then
the scalar curvature of F' is determined by

L _9e 1 2 An n
(35) r = 56 P (El — (T + 77)\ ) 22 — 523 — §E4 s
where the detail of ¥;,1 =1,2,3,4 and p,7,n, \ are in the proof.

Proof. For an (a, 8)-metric F = a¢(8/a) on a manifold M, the fundamental
tensor of F' is given by (see [8])

(3.6) 9ij = paij + pobibj + p1(bicj + bjoi) + pacviary,
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where a; := a,: and
p=o(o—sd),  poi= 0" +¢'¢,

p1i=—s(¢d" +'¢) +o¢',  pai=s{s(¢9” +¢'¢)) — d¢'}.
The inverse(g*”) of (gi;) is given by (see [8])

(3.7) g9 = p~Ha" — 700 — nY'Y7},
where )
] Po — E°p2 p1
= 0= —— =—
T 1 + (5b2’ D ) € p2a
=l we= 2 v \Jagyivi A= ay v abi
n71+Y2/J,’ o= p, = 1] ) ij += Qij iVj
and '
, Yy’ , e—0s
Y'i= =4+ A= ———.
a A% 1+ 62
Further, we can rewrite (¢%/) by
ij —1y,ij i A i i,
(3.8) g7 =p 1{a3—(7+nk2)bb’—;n(by“rbjy)—%yy]},

and the (§¥) of F is

» o - AP o~ o~ o
G0 = p~ MG — (1 + b — 2L By + Dyl) — %yzyﬁ}
Q [0

— eZﬁ(m)gij_

(3.9)

By (1.1) we know the scalar curvature r of F is
(3.10) r= %e*%pfl{am — (T + A — % (b7 + byt — %yiyj}Ricyiyj .
In order to compute (3.10), we need the derivatives of Ric,

VE|?a? + D1||Vk|[* (@), + Da,s8yikg + 2Dak;kg
+ D3 gsyikofa+ D3 f(kiq 4 Kol ) + Dy g5y f?a? + D4f2(&2)yz
+ Dy 8,1 1@ + D (kb @ + f1dy:) + Do 55,:a% + De(@2) i
+ D7 s5yi k00 + D7(Kio + Koi),

RicCyiyi = D1 558y 8y [|[VE|?Q% + D1 s8yiys | VEIPG? + D1 g5, || VE|*(0%) s
+ Dl,ssyj ||v"€H2(a2)yi + DlHVHHQ(aQ)yiyf + DQ,SSSyiSyJ' “(2)
+ D2 s8yiyi 5(2) +2D3 s8yikk0 + 2D2 sSyikiko + 2Dakik;
+ D3 558yiyikofa + D3 s8yiyiko fa + D3 o8y (frja + froc)
+ D3 5,5 (fri0 + froyi) + D3 f(kity; + K0y + KoQyiyi)
+ Dy ss5yi Sy fra? + Dy sSyiyi fPa? + Dy 55y f2(&2)yj
+ Dy 8y f2(@%)yi + Daf?(@%)yiys + Ds ss8yisys fra

Rlcy1 = Dl,SSyi
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+ Dy 8yiys [18 + Ds g5, (Rijb'a@ + f1d,:)

+ Dy o8y (kb @ + frys) + Ds(Kmid " Gys + Kimjb™ @y + fralyiys)
+ Do 558yi8yi G + Des8yiys & + Do 55, (@2)y” + De,s5yi (@%)

+ Dg(@%)yiys + Drsssyssystion + Dr,ssyystio0 + D1,y (Rjo + ko)
+ D7 55y (Kio + Koi) + 2D7kj.

s . 2 . .
Here we adopt D; s := daDS’, Dj o5 := aagf', i=1,2,...,7.

Substituting Ric,i,; into (3.10), we obtain (3.5) with ¥, ¥, X3, ¥4 as
¥ = ainiCyiyj
= Dy || VE|2(0? — %) 4+ D1 4||VK|?(1 = n)s + 2nD; || V&|?
4 %[Dzssng(b? — ) — (34 1) Daurs] + %(DQ,sﬁof) 2D, || V|2
+ %[D?,,ssmof(b2 —5%) — (n+ 1)D3 skofs + (n + 1) D3k f]
+2D3 o f* + Dy s f2 (b — 8%) + Dy s f2(1 — n)s + 2nDy f?
+ %[Dg),ssfl(b2 —s*) = (n+1)Ds s fis+ (n+1)Ds f1] + 2D5 s fo
+ D(;,Ss(b2 — 82) + Dg.s(1 —n)s + 2nDg
+ %[Dzssnoo(bQ — 5?%) — (3 4+ n) D7 skoos] + %(D7,sf1) + 2D7|| V|2,
%y = bib/Ricyiy
= Dy .|| VE[2(? — 5%)? + Dy 4||VE|*s(b? — s%) + 2D || Vr||*b?
§ 3 Do — 57— 3Da (B — 5°)s] + = Daakof (7 — )
+ 2Dy f? + 2Ds3  f2(b* — %) + 2D3 f2s
+ %[Dg)sslﬁ()f(bQ —s%)? - D37sliof(b2 — 5854 D3k f(b* — s%)]
+ Dy s f2(0? — 52)2 + Dy o f2 (0 — 5%)s + 2D, f20?
+ %[Ds,ssfl(lﬂ —5%)% = D5 o f1(b? — 5%)s + D5 f1(b* — 5%)]
+ 2D5 s fo(b% — 5%) 4+ 2D5 fos + Dg 55(b* — %) + Dg 5(b* — 5%)s
+2Dgh? + %[Dzss/ioo(bQ —s%)?% — 3D77s/<:00(62 — 5%)s]

4
+ E[D7,sfl(b2 - 32)] + 2D7f27

23 = (Ziyj +E]yZ)Ricyzy]
= 2D (|| V|2(V? — s%)@ + 4Dy ||Vk||*s@ + 4Dako f
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+ %[Dgﬁﬁ%(b2 — s+ 2D3’S/<;0f(b2 — %) 4+ 2D3f(fa + Kos)
+ 2Dy f2(V? — 5%)@ + 4Dy f?sa + 2D5 o f1(b* — 52) + 2Ds(f20 + f15)
+ 2D, (b — 5%)a + 4Dgsd + %[D7,sﬁoo(b2 )] 44D+,
Yy = yiijiCyiyj
= 2D, ||Vk|*a? 4 2Dk}
+2D3ko fa + 2D, f?0° 4+ 2Ds f1a + 2Dga 4+ 2D k. 0

Now we will prove Theorem 1.1. We take the famous coordinate transfor-
mation [16] to simplify the computations. Here we take an orthonnormal basis
at & with respect to & such that

Further, we take the following coordinate transformation [16] in T, M, ¥ :
(s, u™) = (v):
1 5 & A A
h2 _ o2
where @ = /> ,(u?)?. Here, our index conventions are

1<i4,5,k,...<n, 2< A, B,C,...<n.

We have
~ b _ 5 bs  _
“= 2 — 2 p= b2_s2a
Thus,
(@)}, B
— phl®)y _ € e
F =e""ag(s) = — o(s), 5= =
Further,
tls _ -
V- R
bsk
f=rb, fi= \/ﬁaerElm fa = K11b%,
2 g n
KIS _ K1187 2K108 _  _ 2 o 9
K/O—ﬂa“rﬁlo, Hoo—ma \/ﬁa‘i‘ﬁoo, ||VK,|| —/431"_‘42:2/{14,
where

n n
ZO = Z tAZUA, Ko 1= Z K‘AyA7
A=2 A=2

n n
—= A —= A, B
K10 = E R1AY Koo ‘= g KABY Y -
A=2 A,B=2
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By this transformation, we can represent the equation r = n(n — 1)[% + 4

as

t toVb% — 52
o T ),
erbo ertboa

(3.11) r=n(n—1)(
and get the following lemma.

Lemma 3.4. Let F = e”ﬁ, where F = &QS(E/&) 18 locally Minkowskian. Then
the scalar curvature of F' has the form r = n(n — 1)(% + p) if and only if

(3.12) Epa + Ej@+E0 =0,

where

By = ﬁ{Qn(n — 1)e"(t1bs + pe b p)a (¢ — s¢')

—{[Drass (52 + 30 RO = 5%) + Dug(sd + > £2)(1 = m)s
A=2 A=2

+2nD; (k3 + Z k%) + 2Do (K3 + Z k%) +2D3 b K3
A=2 A=2

+ Dy os(0* — 82)0?K2 + Dy o (1 — n)b?sk7 + 2nDyb? k7 4+ 2D5 bk

+ D55 (% = 52) + Dg o(1 — n)s + 2nDg + 2D7 (k3 + Y 531)} b2
A=2

— (I +7) [ Das (6 4+ 3 £5) (07 = %)?
A=2

+ Dy o(k] + Z k4)s(b? — s%) + 2D (k2 + Z K4)b?
A=2 A=2

+ 2Dob? K7 + 2D3 5 (b* — s*)b*kT + 2D3b?sk] + Dy 6(b% — 52)?b* k3
+ D47s(b2 — 52)b28/€? + 2D4b4l£§ + 2D5,sb2(b2 — 52)/£11 + 2D5b25l€11
+ D gs (0% — 82)% + D s (b? — 52)s + 2Dgb? + 2D7b2/<;11} b

— 2\ [DLS(b2 — ) (K] + > k%) +2D1s(s3 + ) KA) + D3b?ki
A=2 A=2

+ Dy b2 (V? — 5%)k? + 2D4b? skt + Dsb?*k11 + Dgo(b? — 8%) + 2D63} b?

—2n [Dl(li% + Z K4) + Dyb*s? + Dg} b?
A=2

+ [4D273b55f + D3 55(b* — s*)ski — (n+ 1)bs?k3 + (n + 1) D3bsk?
+ D5 os(b* — s*)bsk11 — (n+ 1) D5 bs?k11 + (n 4 1) Dsbskyy
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+ 4Dz bsin | b — (nA? 4 7) [4Da, (0% — 2)%bs? + D o (0° — 5%) b
— D3 5(b* — s?)bs?kT + D3bs(b® — s%)k] + Ds 55 (b* — 5%)%bsk]

— D3 ,(b? — s%)bs?k} + D3bs(b? — %)k} + D5 55bs(b? — s%) k11

— Ds b2 (6 = 5%)11 + Dsbs(b? — s%)kny + D7, obs(v? — 52t |

— 21\ [QDQbSK% + D37Sbs(b2 — %)k 4 D3bs® k7 + D57sbs(b2 — 5% k11
+ Dsbs?k11 + 2D7bski1]b — 2n[Dsbsk? + Dsbsriyg |b

+ Dy 5557 (b* — s%)ki — (n+ 3) Dy o5°K3 + D7 5557 (b° — 8% )kt

— (n+3)D7s8%k11 — (A + 7)[Da o8 (b* — 52)*k7

- i)>D278(l72 — 8 )5 Hl + D7 o8 (b2 - 52)21111 — 3D77353(b2 - 52)f111]

— 20A\[Dog s (b* — 5?)s*k3 + Dy o(b* — 52)s%K11]

- 277[D252/£% + Dzs Hll]}},

KE e
W{Qn(n — 1)e"tob(¢ — s¢')
{ —An(\b? + 5) Dy + [—6(nA\? + 7)s? + 4nAs®

+ (106%9A% 4 1001 — 2n — 6)s* — 4b*nAs — 40 (b*n\? + b*1 — 1)] Dy
+ 2007 = 5%)s = 2(0A° + 7) (0% — 5%)%5)] D2 s

+[(n+1) = (A2 +7)(b* — 5?) — 2nAs — 29)b? D3

+[=(n+1)s + (A°)(b* = 5%)s — 20A(0° — ))]b* D3

[0 = %) = (N2 + 7Y = 52202 D o 1o

{ n+1) — (A2 + 1) (b* — %) — 2nAs — 2n]b* D5
+[=(n+ 1)s + (nAH)(b? — 5%)s — 2nA(b* — s7)|b? D5 s
(02 = %) = (A2 +7) (6 — 52)°]b? D5
— 4An(A\V? 4 8) D7 + [—6(nA\? + 7)s* + dnAs® + (106°nA?
+ 10627 — 2n — 6)s% — 4b*nAs — 402 (b?n\? + b*1 — 1)] D7
+ (207 = 82)s — 2002 + 7) (8 — 5%)8)] D0 10
— {Dz os(0? — 82)RZ — Do o(n + 3)ska + Dy, Ss(bz — s%)Roo
— D7 4(n+ 3)sFoo — (NA? + 7)[Da,s(b? — s*)?Fa — 3Dg s5(b* — s*)Fa
+ D77ss(b2 —s ) Koo — 3D7755(b —5 )%00]
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— 277>\[D2$S(b2 — Sz)Eg + D7’S(b2 — 82)E00] — 277[D2E(2) + D7E00]}.

Since =21 is odd in v and Z5, Zy are even in u, we can restate the above
lemma as follows.

Lemma 3.5. Let F = e*F, where F = a¢(8/a) is locally Minkowskian. Then
the scalar curvature of F' has the form r = n(n — 1)(% + p) if and only if

(3.13) I, =Ty =0,
where
Iy = 2n(n — 1)e"tab(¢ — s¢')
{ — An(Ab? + 8) Do + [—6(n\? + 7)s* + dnAs®
106%9A% + 106°T — 2n — 6)s — 4b%nAs — 4b% (b2 + b1 — 1)] Dy
2(b? — 5%)s — 2(nA% + 7) (0% — 52)25)]| Dy, e
n+1) — (A2 + 7)(b% — 5%) — 2nAs — 2n]b> D5
—(n+1)s + (pA?)(b* — s?)s — 2nA(b* — s?)]b% D3 ¢
(6 = %) = (n? + 7) (42 = 5%)%Jb* Do f 10
{ n+1) — (A2 + 1) (b* — %) — 2nAs — 2n]b* D5
+[=(n+1)s + (A°)(b* — 5%)s — 2nA(0° — ))]b*Ds
H[(? = 5%) = (A2 +7)(b? — 5°)°]b* D5
—An(A\? + 8) D7 4 [—6(n\? + 7)s* + dnrs® 4 (10b%n\?
4 10627 — 2n — 6)s? — 4b*nhs — 4b*(b*n\? + b*1 — 1)] D7,
(2007 = 5%)s = 20\ 4+ 7)(b — 52)28)| Dr.cs v,
[y := 2n(n — 1)e"(t1bs + pe"b*¢)a’(¢ — s¢')
[Pl + 30 R0 )+ Duslid + 32 W)L - s

A=2 A=2

(n

+2nD; (K2 + Z k%) 4 2Do (K2 + Z k%) +2D3 b*K3
A=2 A=2

+ Dy os(0* — 2)0?K3 + Dy o(1 — n)b?skt + 2nDyb? k7 4 2D5 bk

+ Dess(6? = 5%) + Do o(1 — n)s +2nDg + 2D (k3 + 3 ni)} b2
A_

= (02 7) [ Dra (63 + Y £3)02 — 52
A=2
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+ Dy o (K] + Z k4)s(b? — s%) + 2D (k3 + Z K34 )b?

A=2 A=2
+ 2Dob? K7 4 2D3 5 (b? — s2)b*kT + 2D3b*skT + Dy 5 (b* — 52)?b% k3
+ Dy s (0* — sH)b% sk} 4 2Dyb* K3 + 2D5 b2 (0 — 5%)k11 + 2Dsb? sk
+ Dgys (% — 82)% + Dg s (b? — 52)s + 2Dgb? + 2D7b2/<;11} b

n

—2nA [Dl’s(b2 — 3 (K2 + Z k%) + 2Dy s(k3 + Z k%) + D3b*k?
A=2 A=2

+ Dy b2 (V? — 5%)k? + 2Dyb%sk? + Dsb?*k11 + De o (b — 8%) + 2D65} b?

P [Dl(nf + 37 K%) + Dab?s3 + Dﬁ} b
A=2

o+ [4D2,0bsk3 + D s (02 = 52)5#3 — (1 + 1)bs?3 + (n + 1) Dybsr?
+ Ds o0 — s?)bsk11 — (n + 1)Ds sbs’k11 + (n + 1) Dsbski

+ 4D7ysbs;<;11} b— (A2 +7) [4172,5(b2 — 2)2bsk? + D gy (b — 5%)2bsr?
— D3 5(b* — s%)bs?kT + D3bs(b? — s%)k] + Ds 45 (b* — 5%)%bsk]

— D3 ,(b? — 5%)bs?k? + D3bs(b® — 5%)k? + D5 45bs(b? — s%) k11

— D&SbSQ(b2 — 5% k11 + Dsbs(b® — s%)k11 + 4D7ysbs(62 — 82)14,11} b
— 2\ |2Dgbsk? + D;),,Sbs(b2 — %)k 4 D3bs? k3 + D5’Sbs(b2 — M)k
+ Dsbs?k11 + 2D7bskii]b — 2n[Dsbsk? + D5bsn11} b

+ Dy 4552 (b* — s*)kT — (n + 3) Do 3s° K3 + D7 55%(b* — 5*)k11

— (n+3)D748%k11 — (A2 + 7)[Da s8> (b* — 52)% k7

— 3Dy (b — 5)8°KkT + D7 455> (b* — 52)*k11 — 3Dy 8% (b — 5%)k11]
— 20A\[Do s (b? — 5?)s*k? + D7 o (b* — 52)s%K11]

— 2n[Das*k? + D752H11]}62

— { D2 s (0? = 82)%RE — Das(n + 3)s(6? — 5%

+ Dr,55(b% — $*)*Foo — Dr,s(n + 3)s(b* — 5%)Roo

— (NA? 4 7)[Da,ss(b* — 5)°Fg — 3Dy 4 s(b* — s*)°Fg

+ Dr4s(b? — 2)3Foo — 3D7,.5(b* — 52)*Fo0]

— 2nA[Da s (b* — $%)*Rg + D7 5(b* — s%)*Foo)
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— 277[D2(b2 — 82)E(2) + D7(b2 - 82)E00]}.
Now we can prove Theorem 1.1 based on the above preparations.

Theorem 1.1. Let F = a¢(s),s = B/a be a conformally flat (e, B)-metric on
an n-dimensional manifold M with 8 # 0 andn > 3, where ¢(s) is a polynomial
of degree m (m > 2). If F is of weakly isotropic scalar curvature r, then r = 0.

Proof. Assume that
O(s) =1+ ars+ags® + - +ams™, a, #0.
Let
Ay = ¢ —sd, Ay = ¢ — s¢' + (b* — s%)¢".
Then we have
_ (b — %) Ay — b29)((b? — s%) AT — A1b?¢ + Ays®o)
K $2¢2(b2 — s2) A, )
(b? — s?) AT — A1b%p + Ags?¢

>\ = —
K sp(b? — s2) Ag ’
Ay — A
2 2 1
= = A .
nA=+ 7 L) p 19

By using the Maple program, multiplying I'y = 0 by 443 AT$*s?, we can express
the result as a polynomial of s
(314) E18m+2518m+2 + E18m+1518m+1 + -+ E18 + Eo == O,
where
Figmio == 8n(n — 1)al8(m — D)3 (m + 1) ue? v*a>.

From (3.14), we know that E; = 0, ¢ = 0,1,...,18m + 2. Because m > 2,
n >3, ay, # 0 and b # 0, we have p(z) = 0.

Taking pu(x) = 0 into I's = 0. Similarly, we can get

(3.15) E17m+3817m+3 + E17m+2817m+2 + -4+ E1s+ FEy =0,

where

Tm — 1) (m + 1)t e ba?,

Ei7mi3:=8n(n—1)a
then we obtain ¢; = 0.

Next let us consider I'y = 0. Similarly, it turns out
(3.16) E17m+2817m+2 + E17m+1817m+1 + -4+ E1s+ Ey =0,
where
Errmaz = 8n(n — 1)all(m — 1)¥(m + 1)t se"ba,
so we have t4 = 0.
Hence, we obtainr =0 by p =1t =t4 =0. [l

Remark. When m = 1, F is a Randers metric. In this case, the method is
no longer effected because the coefficient has the factor (m — 1). So whether
Theorem 1.1 holds for Randers metric is true or not is not clear.
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4. Proof of Theorem 1.2

Theorem 1.2. Let F = a¢(s),s = B/a be a conformally flat («, 8)-metric
on an n-dimensional manifold M with n > 3, where ¢(s) = 1+ a1s + azs? +
ot Ay 18™TY 8™ is a polynomial with m > 2 and ap,_1a, # 0. If F
is of weakly isotropic scalar curvature, then it must be locally Minkowskian or
Riemannian.

Proof. We follow Chen and Cheng’s paper [3] and divide the proof into four
steps.
Step 1. Proof of kpypkic =0, A # B

Firstly let us consider I'ys = 0. Because of Theorem 1.1, = t; = 0. It follows
from T's = 0 that there is a function £ := £(s) such that

(4.1) p2kakp +priap = &(s)0aB,
where
p2 = —2n(b* — s*) D,

+ [B(A2 +7)s(b? — s2)? = 2pA(b? — s2)2 — (n + 3)s(b? — s)]| Do
IR = )% — (2 1) (2 — 2] D e

and

pr= —2n(b* — s*)Dy

+ B(A? +7)s(b? — 5%)2 = 2nA(b? — 5%)? — (n + 3)s(b* — s?)]| Dy ¢
+[(? = %)% = (nA* + 1) (0° — 5°)°] Dr s

Taking A # B in (4.1) yields

(4.2) p2rakB + priap = 0.

Multiplying (4.2) by 443 AS¢*s? and by using the Maple program, we can
get the following identity in s:

16m+3
16(m—1)3(m+1)*m(n —2)[kakp — (1 +m)kaplalfst®mT ¢ Z E;s’ =0.
§=0
It implies that kakp — (1 + m)kap = 0(A # B). Plugging it into (4.2) yields

(4.3) [(m+l)p2 +p7]lﬁ:AB =0, A#B.

Now let us consider I'y = 0. Multiplying I'; = 0 by 443 A7¢*s? yields the
following identity in s:

16m—+2
—32(m—1)B(m+1)*m(n—2)[k1ka — (14+m)r14]albs10mF3 4 Z E;s’ =0,
7=0

which implies that
(4.4) kika — (L+m)k1a = 0.
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Plugging it back into I'y = 0 yields
(4.5) [(m+1)3

Where

= 2 e (e (e +pa) + 3 2 P+ (7 4+ ps)lkia = 0.
P2’ = —4nAb? Dy + 4b*[1 — (nA\* + 7)(b* — 5%)] Da.s,
pr’ = —4nAb? Dy + 4b%[1 — (nA\? + 7)(b? — 5?)] D7,
and
p3 = [(n+1) = (nA\* +7)(b* — 5%) — 2nAs — 2n)b* D3
+[=(n+1)s + (nAH)(b? — 5%)s — 2nA(b* — s7)|b? D3¢
(07 = 5%) = A2+ 1) (07 — 5)°]b? Dy s,
= [(n+1) = (nA\? + 7)(b* — 5?) — 2nAs — 2n)b* D5
+[=(n+ 1)s + (nA?)(b* — 5%)s — 2nA(b* — s)|b? D5 s
+[(1* = %) = (MA* + 1) (b* — 5°)°]b* Dy .
Multiplying (4.5) by kap(A # B) and by (4.3), we have

(4.6) [(m + 1)(p2" + ps) + (pr" + ps)]kaBr1c = 0.
Multiplying (4.6) by 443 AZ¢*s?(b? — s?), we obtain
16m—+1

16m+3 16m+2 :
Er6m13s "™ + Bigmy2s' ™+ Y Ejsl =0,

where
Ei6m+sz = —2(m — l)lo(m +1)°mT(m, n)ai,?bznABmC,
and
T(m,n) = —20m*n? + 16m° + 530m*n + 18m3n? — 1220m* — 1105m>n

+ 14m?n? + 3534m> + 567m>*n — 18mn? — 2557m? — 27Tmn
+ 364m + 6n% — 29n — 9.

If T(m,n) # 0, one can easily get kapric =0, A # B.
Now we prove T'(m,n) # 0, if T(m,n) = 0, we can get two roots of n by

ny = A(m) + B(m),
ny = A(m) — B(m),

where
530m* — 1105m?> 4 567m? — 27m — 29
A(m) = 9
4(10m* — 9m3 — 7m? 4+ 9m — 3)
C
B(m) = (m)

4(10m* — 9m3 — 7m2 4+ 9m — 3)’
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and
C(m) := 1280m° + 182148m® — 801636m7 + 1432509m5 — 1354594m°
+ 750411m* — 255184m> + 55923m? — 7818m + 1057.

Firstly we consider ny. We have ng < 2 since m > 2, thus n # ns.
Next we consider n.
(i) For m < 100, ny can not be an integer by a direct computation.
(i) For m > 100, we have

53
A(m) < 7 < 14, B(m) < v2m.
Thus
(4.7 n=n; <14+ Vv2m.

On the other hand, T'(m,n) = 0 implies
m | 6n? —29n — 9.
For n = 3,4,5, T(m,n) = 0 has no integer solution for m.
For n > 6, we have 6n? — 29n — 9 > 0. We can write
6n2 —29n — 9 = mq, qg>1.

Take m = 6"2*% into T'(m,n) = 0. For g < 48, T(m,n) = 0 has no integer
solution for n by numerical calculation.
For g > 48, we have
6n% > mq > 48m.

Thus
(4.8) n > 2vV2m.
Compare with (4.7) and (4.8) we have

2v2m < 14 4+ vV2m.

It is a contradiction for m > 100, thus n # n;.
Hence we obtain T'(m,n) # 0 and

IQABIﬁc:O, A#B

Step 2. Proof of k14 = 0.

We claim that k14 = 0 on M. Suppose that there exist an integer Ag
(2 < Ap <n) and a point z¢g € M such that k14,(x0) # 0, then there must be
a neighborhood U,, C M of z( such that kj4,(z) # 0, Vo € U,,. Because of
(4.4) we know K1k, = (1 +m)k14,, We get ka,(x) # 0, Vo € U,,. By Step 1
we know kapkia, = 0 (A # B), then we have kap(xz) =0 (A # B), Vo € Uy,.
Noting that ka,kp = (1 + m)ka,B (Ao # B), we obtain kp(z) = 0, Vo € Uy,
and B # Ag. Then we have kpp(x) =0, Vo € Uy, and B # Ay.

Taking A = B # Ag in (4.1) at the point zp € M yields

&(s) = p2rB(x0) + prepp(zo) = 0.
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Then (4.2) holds for all A and B which implies that kaxp — (1 + m)kap =0
for all A and B. It means the analysis in Step 1 is also true for A = B. In
particular, we have k% (z0) = (m+1)K4,4, (xo) Then we can get [(m+1)ps +

prlkaga,(To) = 0. Note that ka,a,(z0) = [K;:‘L’flo ] # 0, we conclude that

(m 4 1)ps + pr = 0. Plugging it into the (4.5) and by k14, (z0) # 0, we obtain
(4.9) (m+1)(p2" +ps) + (pr" + ps) = 0.

From the analysis in Step 1 we know (4.9) is not true. Thus we have k14 = 0.
Step 3. Proof of k4 = 0.

Suppose that there exist an integer By (2 < By < n) and a point 1 € M
such that kp,(z1) # 0, then there is a neighborhood U,, C M of z; such
that kp,(z) # 0, Vo € U,,. Note that kikp, = (m + 1)k1p, = 0, we have
ki(x) = k11(z) =0, Vo € Uy, . Then the I's = 0 can be reduced to

n n
(4.10) (p1 Y KA +Pe1 Y Kaa)@ + paRg + prFop = 0,
A=2 A=2

which implies that there is a function v = 7(s) such that

(4.11) pakAkB +Prhap = 7(5)daB-

By (4.10) we have

(4.12) ((p1 Y KA +per Y Kaa) +parg + preps = 0.
A=2 A=2

Further, taking sum of B we have

n

[(n = 1)p1 + po] Z"M*‘ (n — 1)pe1 + pr] ZKAA—O-
A=2 A=2

Multiplying it by 4A3AS¢?, we get

n
_ 16(m— )13(m_|_ 1) 16 Z K4 m_|_ 1 Z AA]816m+6
A=2

16m+5

+ Z Eij =0.
j=0
The above equation implies that
n
(4.13) Zﬁi:(m+1)ZKAA'

It follows from (4.11) that

(4.14) Pz(’f?q - “23) +pr(kaa —kBB) =0.
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Plugging the expressions of ps and p; into above equation, we can obtain the
following identity in s,
16m+3
E16m+4316m+4 + Z Ejsj =0,

=0
where
E16mta = 16(m — 1)13(m + 1)4m(n — 2)[”2,4 — ,%23 —(1+m)(kaa — /fBB)]a,lT?.

It implies that x% — k% = (1 +m)(kaa — kpp). Then we have

(n—1)k% — Z kE = (n—1(m+1Dkaa — (m+1) Z KBB-
B=2 B=2

Thus by (4.13) we obtain
l€124 = (m + I)HAA.

Plugging it into (4.12) yields

(4.15) ([((m+D)pr +pe1] > kaa+ [(m+ 1)pa + prlrss = 0.
A2

(i) If (m + 1)p2 + pr # 0, we have K44 = kpp from (4.14), and then,
ka = tkp. Note that kakp — (m + 1)kap = 0(A # B). Taking A # B in
(4.11), we have

0 =parakp +prkap = parakp + prl(karp)/(m + 1)]
= £[(m + p2 + prlrf(x)/(m +1).
Taking « = x1 and A = By, we have +[(m + 1)ps + pr]s} (z1)/(m +1) = 0.

This is a contradiction.
(i) If (m + 1)p2 + p7 = 0, (4.15) reduced to

[(m+ 1)p1 +p61} Z Kkaa = 0.
A=2

The assumption that kp,(x1) # 0 implies that

n

ZHAA:Z/%‘/(W+1)7AO
A=2

A=2
at the point 1 € M. Thus we have
(m +1)p1 + pe1 = 0.
Multiplying the equation above by 443 A$$?, we can obtain

16m-+2
16m+4 16m+3 ;
E16m+48 " + Eigmyss'®m 8 + E E;s? =0,
=0
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where
Ei6mia = 8(m — 1)'%(m + 1)5H(m, n)b*alS,
and
H(m,n) = (—m* +m> —m + Dn? + (2m® — 4m® — 3m? +2m — 1)n
— 4m® 4+ 10m* + 4m® — 2m?.
If H(m,n) = 0, we have two solutions n = n; and n = ny by

_2m® —4m® —3m® 4 2m — 1+ Q(m)

"= 2(m* —m3+m—1) ’
and
2m® — 4m?® — 3m? + 2m — 1 — Q(m)
ng = )
2(m* —m3+m—1)
where

Q(m) = V4m10 — 16m® + 40m® — 36m7 — 16mS + 84m5 — 31m* — 28m3 + 18m2 — 4m + 1.
For ns, one can easily obtain ny < 2 since m > 2.
For ny, we have
0<ny—2m<1.
It means that n; is not an integer. Then we obtain H(m,n) # 0, thus (4.15)

is not true.
Hence, we have k4(x) =0, Vo € M.

Step 4. Proof of k; =0
Finally, plugging k4 = 0 into 'y = 0 and multiplying it by 4A43AS$¢?, by
using the Maple program, we can get

16m—+4
(416) E167n+6816m+6 + E16m+5816m+5 + Z Ejsj = O7
7=0

where

Eigmss = 16(m — 1) (m + 1) 'm(n — 2)[x? — (1 + m)ri]alS.

m
Then we obtain 2 = (1 4+ m)k1;. Then the Ejg,,45 reduced to
Er6mys = —24(m — D) (m + 1)*mal’apm_1[(n — 2)m —n + 3]b%k1;.
Because of (n —2)m —n+ 3 # 0 and a,,,—1 # 0, we obtain that k; = k11 = 0.
Hence k; = 0, that is, x(x) is a constant. Thus F is locally Minkowskian. O

In the end we will consider a special case ¢(s) = 1 + a,,s™.

Proof of Proposition 1.4. By the assumption that ¢(s) = 1+ a,,s™. If a,, = 0,
it is a Riemann metric. Thus we always assume that a,, # 0 in the following.
By a series similarly analysis, we can get k4 = 0.
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In this special case, (4.16) becomes
16m+3
Biomy65 "0 + Brgmias' 4+ Y Ejs? =0,
3=0
where
Fiomis = 16(m — 1) (m + 1)*m(n — 2)[x7 — (1 + m)r11]al’.
Then we obtain 2 = (1 4+ m)k11. Now the E1g,,44 becomes

Ei6mia = 64(m — D) (m 4+ 1)°W(m, n)a’0v?k11,

where
20 3 2 2, 3 4 3 2 o 1.9
W (m,n) = m“(m> —m* 4+ 2)b —|—§(m—1)(m —l—gm 3m —1—3)
3 1 1 23 1 1
< —1 5 4 T3 fY 2 = -
+4(m Y(m?® + 2™ —|—2m o™ 3m+6)n
3 33 15 3
219 4 3,99 o2 10 9
+m?( gm Tem t g 3 4)

By a direct computation we have W (m,n) > %m6+% > 0withm > 2, n > 3,
thus we obtain k1 = k11 = 0.
Hence k; = 0, that is, x(x) is a constant. Thus F is locally Minkowskian. [
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